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Abstract 

The thermal properties of black holes in the presence of quantum 
fields can be revealed through solutions of the semi-classical Einstein 
equation. We present a brief but self-contained review of the main 
features of the semi-classical back reaction problem for a black hole in 
the microcanonical ensemble. The solutions, obtained for conformal 
scalars, massless spinors and U(l) gauge bosons, are used to calculate 
the 0(h) corrections to the temperature and thermodynamical entropy 
of a Schwarzschild black hole. In each spin case considered, the entropy 
corrections AS(r), are positive definite and monotone increasing with 
increasing distance r from the hole, and are of the same order as the 
naive flat space radiation entropy. 



1 Based on a talk given at the Third Workshop on Quantum Field Theory under the 
Influence of External Conditions, Leipzig, Germany, 18-22 September, 1995. 
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1 Introduction 

The physics of black holes provides a fertile ground in which the confluence of 
gravitation, quantum mechanics and thermodynamics takes place. Progress 
in our understanding of the thermal features of black holes demands a deeper 
understanding of the relationships among the state functions of black holes in 
thermodynamic equilibrium with quantized matter. A black hole can exist in 
thermodynamical equilibrium provided it is surrounded by radiation with a 
suitable distribution of stress-energy. In effect, one studies the consequences 
of coupling the black hole with its own Hawking radiation. In the semi- 
classical approach, such radiation is characterized by the expectation value 
of a stress energy tensor obtained by renormalization of a quantum field on 
the classical spacetime geometry of a black hole. Using such a stress tensor 
as a source in the semi-classical Einstein equation defines the back reaction 
problem. 

In this talk, we shall review briefly the steps involved in the 1-loop back 
reaction problem for black holes placing special emphasis on the need to 
impose boundary conditions and the issue of the perturbative validity of the 
modified black hole metric. When then go on to use the solutions so obtained 
to calculate the corrections to the temperature at spatial infinity, T^, and 
to the entropy AS by which quantum fields of spin 0,1/2,1 augment the 
usual Bekenstein-Hawking entropy. One finds that ^ Th = g^g, while 
AS" > has a global minimum at the renormalized event horizon and is 
monotonically increasing for increasing distance from the black hole. The 
topics sketched here can be found in more detail in IT, |^, 

2 Mechanics of the 1-loop Back-reaction 

We begin by choosing the background spacetime. We therefore suppose we 
have solved the classical vacuum Einstein equation 



for g^, the classical metric. We now inject, or superimpose, a collection of 
quantum fields on this classical background and solve the semi-classical field 
equation 



where < T^ v represents the 1-loop quantum stress-energy tensor for the 
fields (j), i/j, Ap, ... (scalars, spinors, vector bosons, etc.) renormalized over 
the background spacetime whose metric is g. The effect, or back-reaction, 
of the quantum fields on the geometry described by the metric g induces a 
modification of this metric, Sg, so that 

g — > g + Sg when we "turn on" the sources. These quantum stress tensors 
obey the background conservation law 



g,M = o, 



(1) 




(2) 



V M < >= 0, 



(3) 



with respect to the background covariant derivative: V ~ d + T(g). As a 
consequence, it turns out we may only solve for the modified metric to order 
0(h). This we can demonstrate easily by expanding the Einstein tensor G 
in powers of the Planck constant and using (1) and (3), thus leading to 

V M (G + 5G + AG)"" = 8tt V M < >= 0, (4) 

so that V M (5G + AG)'* = 0, or to order h, V ^5G^ = 0. Here, 5G and 
AG denote the order H and higher-order contributions, respectively Since 
the operator V is 0(1) while the stress tensor is 0(h), the back-reaction 
equation (2) reduces to 

5G^{g + Sg) = 8tt < > . (5) 

The components of the stress tensors are treated as input. To solve (5), one 
inserts the most general metric ansatz compatible with the symmetries and 
coordinate dependence of < T Mi/ > into the left hand side. 

Turning now to the case at hand, we consider the black hole background, 
whose metric is 

f , 2M X . 2M X 199 o A 
9ilv = diag (-(1 - — ), (1 - —)-\r\r 2 sin 2 6 J , (6) 

and M is the mass of the black hole. As shown in |], |3|], the modified metric, 
which is static and spherically symmetric, can be put into the following form: 

^ 2 = -^l-^^^(l + 2 e p(r))rft 2 +^l-^^^ dr 2 + r 2 <m 2 , (7) 

where m(r),p(r) are two functions depending on r and e = (Mpi anc k/ 'Mbh) 2 < 
1 is the expansion parameter. Note that e = h/M 2 in units where G = c = 
ks = 1. This parametrization of the new equilibrium metric reflects the fact 
that the back reaction induces static, spherically symmetric metric pertur- 
bations. Indeed, the stress tensors renormalized over g are static and depend 
only on the radial coordinate. dVt 2 is the standard metric of a normal round 
unit sphere. The mass function has the form m(r) = M[l + e(/i(r) + CK^ 1 )] 
where G is a constant of integration which serves to renormalize the bare 
Schwarzschild mass M. Indeed, to the order we are working, we may write 

m(r) = M (l + eCK- 1 ) [1 + e/i(r)] = M ren [l + e/i(r)]. (8) 

We henceforth write M for the black hole mass in what follows, with the 
understanding that this represents the physical black hole mass. We note 
from (11) that M ra d = eM/x(r) is the usual expression for the effective mass 
of a spherical source. The metric in (7) is completed by the determination 
of p, where 

p(r) = p(r) + kK-\ (9) 



with k another constant of integration; K = 38407T. 

The corresponding semiclassical field equations, valid to 0(e) are (w = 
2M/r) 

to = _16rf 

dw w 3 

da 32ttM 2 . , , 

e-r- = 1 — < 7? > . 10 

These may be obtained substituting (7) into (5) keeping only the 0(e) terms. 
Naturally, indices are raised/lowered with the background metric. 

Once the indicated components of the renormalized stress-energy tensors 
are known, the solution of the semiclassical back-reaction equation (5) follows 
immediately from two simple integrations: 

air) = — r < —T\ > Anr 2 dr, (11) 
PW eM J2M * K J 

p(r) = - f r < TL — T/ > A-nf 2 dr. (12) 
e Jim 

Actually, the back reaction problem as it stands has no definite solution 
unless boundary conditions are specified |T[. There are a number of reasons 
for why this must be so. In the first instance, the constant of integration k, 
appearing in p remains undetermined unless a boundary condition is invoked 
(asymptotic flatness does not fix this constant jjfl). More importantly, the 
renormalized stress tensors employed are asymptotically constant, thus the 
radiation in a sufficiently large spatial region would collapse onto the black 
hole thereby producing a larger one. It is therefore necessary to implant the 
system consisting of the black hole plus radiation in a finite cavity with wall 
radius = r > 2M. As discussed in 0, a very important consequence of 
considering black holes in spatially bounded regions, quite independent of 
the back reaction problem, is that the cavity stabilizes the black hole in the 
thermodynamic sense and yields a positive heat capacity for the hole. There 
are at least two distinct types of physically relevant boundary conditions 
one may choose to impose. In the case of canonical boundary conditions, 
we specify the temperature of the cavity wall T(r ) and immerse the cavity 
containing the black hole and radiation in an external heat reservoir whose 
temperature T = T(r ). To obtain microcanonical boundary conditions, we 
specify the total energy at the cavity wall E(r ) and match on an external 
Schwarzschild spacetime with effective mass m(r ). In the former case, the 
integration constant is absorbed by a redefinition of the time coordinate. 
This is possible as coordinate time has no special meaning unless the metric 
is asymptotically constant. We can choose the timelike Killing vector to 
be J= = Aj^ for A a constant. The choice A = (1 — ekK' 1 ) removes k 
from expressions for the physical quantities. In the latter case, we fix k by 
requiring continuity of the metric across the cavity wall: k = —p(r )K. 



How does one determine the size of the cavity? The answer to this ques- 
tion is tied up with the perturbative validity of the solutions, which may be 
maintained provided the cavity wall radius satisfies a certain inequality, to 
which we now turn. We recall that all the stress tensors renormalized on the 
black hole background satisfy [§, ||, (| 

< > — >(spin - dependent const.) x diag(— 3, 1, 1, 1)£, (13) 

as r — > oo, which results in asymptotically unbounded metric perturbations 
Scjfiu = {g^ v — Qfiu)- In fact, one can show |2|, |3], || that the relative 
corrections diverge quadratically 

(tt and rr components only, since 5ggg = 8g^ = 0) with a s a spin-dependent 
constant: a s = (1/2, 7/8, 1) for the spins s = (0, 1/2, 1), respectively. So, we 
can obtain solutions that are uniformly small over the entire range 2M < 
r < t 'domain, taking |^| < 8 < 1, which from (14), and by saturating the 
previous inequality, defines the radius of the domain of perturbative validity 
via 

(15) 



2M J 2a s 

So, we should take the cavity radius r a < r domain- By way of illustration, 
setting e = 5 < 1 results in rather large perturbatively valid domains, indeed 
(380M, 286M, 268M) for the spins s = (0, 1/2, 1), respectively. 



3 The Quantum Stress-Energy Tensors 

These have been obtained in exact form for the conformal scalar and 
U(l) gauge boson ||, and in an approximate form for the massless spin 1/2 
fermion 0. For the former two cases, they are expressed as 

/ h \ 

^ Ty Prenormalized ^ Ty ^ 'analytic ( ^T^/^J^/pyt J (^^0 

where the analytic piece, in the case of the conformal scalar, was first given 
by Page PTDj . The term is obtained from a numerical mode sum. As this 



term is small in comparison to the analytic piece, we do not include it here. 
This affects none of our qualitative results; both pieces seperately obey the 
the required regularity and consistency conditions. The analytic part has the 
exact trace anomaly in both cases. We display only the analytic part for the 
U(l) case and direct the interested reader to the original literature for the 
other cases. Dropping the angular brackets, we have (w = 2M/r) 

Tj = ~aT^ (3 + 6w + 9w 2 + 12w 3 - 315w 4 + 78w 5 - 2A9w ( 



T r r = ^aT* (l + 2w + 3w 2 - 76w 3 + 295w 4 - 54w 5 + 285w 6 
T$ = -aT* (l + 2w + 3w 2 + Mw 3 - 305w 4 + 66w 5 - 579w 6 ) , 



where a = (7r 2 /15fr 3 ) and Th = h/RnM is the (uncorrected) Hawking tem- 
perature. 

4 Solutions 

The explicit solutions to the 0(e) back reaction (5) obtained using the above 
stress-tensors may be summarized compactly as follows. Denoting with the 
subscripts S, f, V the conformal scalar, massless fermion and vector boson 
respectively, the metric functions in (11,12) turn out to be |], |], H, H 



K Ps 



8 ln(tu) - lOw - 6w 2 + 22w 3 

3 



2 44 

— yj~ 3 -)- 2w~ 2 + 6w ^ Ql—^.A m»„ «„,,2 )■),,,•> 

3 

2 -2 , -1 ow N 40 m 2 28 3 84 ' 

-tu +4w - 8 ln(u?) u> - lOw H 

3 V ' 3 3 3 



(17) 



for the conformal scalar 
7 



2 -3 o -2 . -1 oi / N 90 62 2 46 3 16 
-w + 2w + bw — 8 In (w) w w H ur 

3 V 7 7 7 3 7 
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u; 2 + Aw -8 \n(w 



200 50 2 52 o 136 

w w w H 

21 7 7 7 



, (18) 



for the massless spinor, and 

2 166 
Kfi V = -w~ 3 + 2w~ 2 + 6w~ l - 8 ln(w) + 210w - 2Qw 2 + — w 3 - 248, 

Kp v = ^w~ 2 + Aw' 1 - 8 ln(w) + ^-w + 10w 2 + Aw 3 - 32, 



(19) 



for the U(l) gauge boson. The various spin cases are distinguished by the 
spin dependence of the numerical coefficients. 



5 Corrected Black Hole Temperature 

As is well known, a black hole in empty space radiates quanta possessing a 
temperature characterized by the mass M of the hole. At large distances 
from the hole (r >> M), the temperature of the radiation approaches 
Too — h/87rM = Tn. The presence of this radiation however, leads to mod- 
ifications of this temperature when the back reaction is properly taken into 
account. For microcanonical boundary conditions, the corrected temperature 
at spatial infinity takes the form 



T 



h 

8vrM 



[l + ef(r ,s,M)), 



(20) 



where / is a calculable function of the cavity radius r Q , the spin s of the 
quantum radiation and the renormalized mass M of the hole. Note that 
generally, is not equal to the Hawking temperature. 
To find the form of / we recall that 

T„=*g, (2D 

where kh is the surface gravity of the event horizon; for a "free" black hole, 
kh = (4M) _1 . In the case of back reaction, the surface gravity is given by 



-j- f 1 + e(p - fi) + 8vrr 2 < 7? >) . (22) 
With the microcanonical boundary conditions, one then obtains [l], 



KH AM 



T£ = (l - ep.(r„) + en^" 1 ) , (23) 

where the constant n s = (12, —4, 304) for the spin s = (0, 1/2, 1). The local 
temperature, T) oc , is obtained by blueshifting back from infinity to a finite 
value of r (by means of the Tolman factor [0): 

T loc {r)=T 00 [-g tt {r)]- 1 ' 2 . (24) 

This yields the local temperature valid for all r > 2M (dropping the spin 
labels) 



T loc (r)=T H (l-w)- 1/2 



11) 

1 + e(p(r) - nK- 1 (1 - w)' 1 /i(w)) 

2 



(25) 



6 Thermo dynamical Entropy 



One way to calculate the entropy is as follows. Consider first the case of 
the free black hole. From the 1st law of thermodynamics applied to slightly 
differing equilibrium systems 

dE = dQ + dW, (26) 

and as no work is done on the system, dW = 0, so that 

d Q = d E = dM 

T T ^ 1 ^ 

where M is the black hole mass and the temperature at spatial infinity. 
Integrating, we have that the entropy 

rdM r,8nM s , % , AnM 2 

s -!tz = I { — )iM= — +const - (28) 



This yields the usual Bekenstein-Hawking expression for the black hole en- 
tropy after setting the constant of integration to zero: S = Sbh- 

Now turn on the back reaction and compute S from (28). We must of 
course use the corrected asymptotic temperature (23) and the effective mass 
of the combined system of black hole plus radiation: m(r ) = M[l + e/i(r )] 
in (28). With (remembering that e = e(M)) 



dm(r 



dM, (29) 



-J r a 



we obtain (dr Q = 0) that 

S = Sbh + AS(r ) + constant. (30) 

The constant of integration is fixed by requiring that AS(r Q = 2M) = 0, that 
is, with no "room" for the fields to contribute anything further, one should 
obtain just the Bekenstein-Hawking entropy jAn/h, as would be expected. 
With this choice, we find 01 for the conformal scalar field 



8tt.1.,8 3 8 2 , 32, . . 40 2 

— (~)(~w + -w + 8w H \n(w) - —w-8w' 

K K 2 JK 9 3 3 V ' 3 



104 3 16, /01 , 
+ -j- 3 - ¥ ).(3D 



while for the massless spin-^ fermion 



8tt .7. .8 3 8 2 o , 128 . 200 
f = Y ( 8 )( 9 W + 3 + + T (W) 



21 



w — 8w 2 



488 3 16 w s 

+ m w -y)- (32) 



and 



AS V = ^(~ w - 3 + ~w- 2 + 8^-96 InH + — w - 8w 2 
K 9 3 3 

344 3 496 x , s 

+ ^ 3 -^)> (33) 

for the U(l) gauge field. Among the features enjoyed by these entropy cor- 
rections, it is important to note that they all are positive definite, AS* > 0, 
and are monotone increasing functions of r D . They are thus amenable to 
arguments relating thermodynamical to statistical entropy. Moreover, the 
corrections are of order 0(1) in H and so are of the same order as the naive 
flat space radiation entropy: Sfi a t = ^aT H V. These corrections are therefore 
important. 



7 Concluding Remarks 



We should like to comment on the following points. 



Lowest order solutions of the semi-classical back reaction problem have 
been used to calculate the 0(h) corrections to the temperature and the order 
0(1) correction to the entropy of a Schwarzschild black hole. It should be 
emphasized that this is a perturbative calculation. It would be of interest 
to extend the results to higher order, although a non-perturbative treatment 
would clearly be preferable. At higher orders, one needs to be careful, how- 
ever, because the semi-classical field equation may well receive corrections 
arising from the stress tensor renormalization: 



G>, + A ^ + + bH$ = 8nG < TV >, (34) 

:e constants and the tensors H 
nations of quadratic curvature terms [12], [13]. 



where A, a, b are constants and the tensors Hf£) and Hj?J are linear combi- 



Perhaps of greater importance is the fact that the contribution of quantum 
metric fluctuations has not been taken into account. Provided the semi- 
classical back reaction program leads qualitatively in the right direction (that 
is, towards a correct quantum gravity), one should include the spin-2 graviton 
contribution to the effective stress-energy tensor. One in fact expects the 
effects of linear gravitons to contribute a term of the same order to the 
stress tensor as those coming from ordinary matter and radiation fields. The 
corresponding calculations could be carried out once a renormalized effective 
energy-momentum tensor for quantized linear metric perturbations over a 
black hole background is worked out. However, at present, certain technical 



obstructions appear to make this a difficult task fLl |. 

Lastly, one can use the results of the back reaction problem to explore 
the nature of the modified black hole spacetime by means of the effective 
potential 0, which determines the motion of test particles in the vicinity 
of the perturbed black hole, and to estimate the black hole free energy, of 
particular importance for assessing under what conditions the nucleation 



phase transition of black holes from hot flat space is likely to occur [14 . 
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